Unveiling the transverse formation length of nonlinear Compton
  scattering by Di Piazza, A.
ar
X
iv
:2
00
9.
00
52
6v
1 
 [h
ep
-p
h]
  1
 Se
p 2
02
0
Unveiling the transverse formation length of nonlinear Compton scattering
A. Di Piazza∗
Max Planck Institute for Nuclear Physics, Saupfercheckweg 1, D-69117 Heidelberg, Germany
The process of emission of electromagnetic radiation does not occur instantaneously but it is
“formed” over a finite time known as radiation formation time. In the ultrarelativistic regime, the
corresponding (longitudinal) formation length is given by the formation time times the speed of
light and controls several features of radiation. Here, we elucidate the importance of the transverse
formation length (TFL) by investigating nonlinear Compton scattering by an electron counterprop-
agating with respect to a flying focus laser beam. The TFL is related to the transverse size of the
radiation formation “volume” and, unlike the longitudinal formation length, has a quantum origin.
Being the TFL typically of the order of the Compton wavelength, where any laser field can be as-
sumed to be approximately uniform, related quantum interference effects can be ignored. However,
we show analytically that if the focus in a flying focus beam with nL ≫ 1 cycles moves at the
speed of light and backwards with respect to the beam propagation direction, the effects of the TFL
undergo a large enhancement proportional to nL and can substantially alter the emission spectrum
for feasible flying focus pulses.
PACS numbers: 12.20.Ds, 41.60.-m
The emission of radiation by accelerated electric
charges is one of the most fundamental processes in
physics. If charges are accelerated by sufficiently intense
electromagnetic fields the emission process can be de-
scribed theoretically within the framework of strong-field
QED, where the influence of the intense background field
onto the emission of radiation can be taken into account
exactly [1–3]. This is achieved by describing the intense
electromagnetic field as a given classical background field
and by quantizing the electron-positron field in the pres-
ence of the background field (Furry picture) [4]. By con-
sidering for definiteness the emission of radiation by elec-
trons (charge e < 0 and mass m, respectively), the appli-
cability of the Furry picture requires the ability of solving
analytically the Dirac equation in the background field,
which can be achieved only for particularly symmetric
electromagnetic fields like, for example, a plane wave or
a Coulomb field [1] (see also the monograph [5]).
Within the Furry picture the transition amplitude Sfi
of the process of radiation of a single photon by an elec-
tron in an external electromagnetic field is expressed as
a spacetime integral Sfi =
∫
d4xAfi(x) [1], where the
complex function Afi(x) depends on the initial and final
states of the electron in the background field as well as
on the photon state. Thus, the corresponding probability
Pfi = |Sfi|2 =
∫
d4xd4x′Afi(x)A
∗
fi(x
′) can be written in
the form Pfi =
∫
d4x+Wfi(x+), where
Wfi(x+) =
∫
d4x−Afi
(
x+ +
x−
2
)
A∗fi
(
x+ − x−
2
)
,
(1)
with x± = (x ± x′)/2(1±1)/2. This general expression
of the radiation probability suggests to interpret it as
stemming from individual contributions Wfi(x+) at any
spacetime point x+, each contribution being “formed” on
a spacetime region determined by the integral on the rel-
ative variables xµ−. The formation “spacetime” volumes
are exactly these regions in x−, where the corresponding
four-dimensional integral in Eq. (1) takes approximately
the same value as if the integral is taken over the whole
spacetime. Since the function Afi(x) is typically oscil-
lating, the formation volumes correspond to the regions
∆xµ− where the local “amplitudes” Afi(x+±∆x−/2) in-
terfere constructively.
If the background field features some spacetime sym-
metries, the formation volumes may formally extend to
infinity along the symmetry directions giving rise to delta
functions, which in turn enforce corresponding energy-
momentum conservation laws. In this case, one consid-
ers the remaining lower-dimensional integral in Eq. (1)
and introduces corresponding lower-dimensional forma-
tion regions. This is the case, for example, of a plane-
wave background field, which only depends on a sin-
gle spacetime variable φ = (nx) = ct − n · x, where
nµ = (1,n), with n being the unit vector characterizing
the propagation direction of the plane wave [the metric
tensor ηµν = diag(+1,−1,−1,−1) is used throughout].
The process of single-photon emission in an intense plane
wave is known as nonlinear single Compton scattering
and the corresponding probability is well-known in the
literature [6–32] (see also the reviews [33–38]). In this
case, indeed, the integral in Eq. (1) gives rise to three
energy-momentum conservation laws (the transverse mo-
menta p⊥ = p − (p · n)n and the quantity (np), with
pµ = (ε/c,p), being a generic four-momentum) and one
introduces formation “phases” at each value of the cen-
tered phase φ+ (see, e.g., [34]).
In Refs. [39–42] we have developed a formalism to
investigate strong-field QED processes in the presence
of tightly focused laser beams in the ultrarelativistic
regime. We have found that at the leading order in
the ultrarelativistic limit the quantity (np) is still con-
served but that the transverse structure of the field may
2alter the probability. Correspondingly we have intro-
duced in Ref. [42] the concept of a transverse formation
length (TFL) depending on the transverse structure of
the focused laser beam. We have also found that the
TFL is typically of the order of the Compton wavelength
λC = ~/mc ≈ 3.9 × 10−11 cm [42]. Thus, the laser field
has been realistically assumed to be constant over the
TFL and all interference effects over the TFL could have
been neglected. As a result, the final emission probability
was obtained as the average over the transverse coordi-
nates of the probability in a plane wave, but with the
field being locally also dependent on those coordinates
[42].
In the present Letter we scrutinize the results in Ref.
[42] by studying the photon emission spectrum in non-
linear Compton scattering by an electron colliding with
a so-called “flying focus” (FF) laser beam [43–47] (indi-
cated as “sliding focus” laser beam in Ref. [43]). FF laser
beams have been realized experimentally and have the
unique feature that their focal spot can move virtually
at any speed either copropagating or counterpropagating
with respect to the pulse [44, 46]. Thus, an ultrarel-
ativistic electron counterpropagating with respect to a
sufficiently long FF beam with the focus moving at the
speed of light also in the opposite direction of the laser
propagation direction, would not stay inside the focus
for a time corresponding to about two Rayleigh lengths,
like in a beam with a fixed focus, but potentially for the
whole time duration of the pulse. Now, as we will show
analytically below, the TFL is indeed typically of the
order of the Compton wavelength but it is also propor-
tional to the square root of the time that the electron
spends in the strong field. In this way, the effects of
the TFL in the presence of an appropriately prepared
long FF beam can undergo an enhancement by orders
of magnitude as compared to a beam with a fixed focus,
rendering the observation of the related interference ef-
fects correspondingly feasible. Note that the thoroughly
studied failure of the so-called locally constant field ap-
proximation [23, 29–32, 48–55] is based on the smallness
of the longitudinal formation length (LFL), i.e., the for-
mation time times the speed of light, as compared to the
typical wavelength of the laser field. The LFL has a clas-
sical counterpart (see, e.g., [56]) whereas the TFL is a
pure quantum concept, as it is also evinced by its typical
value being of the order of the Compton wavelength [42].
We first consider an arbitrarily focused optical laser
beam, described by the four-vector potential Aµ(x),
which propagates along the negative z direction, and
which is characterized by a central angular frequency ω0
(corresponding central wavelength λ0 = 2π/ω0), by an
electric field amplitude E0, by a transverse spot radius σ
(Rayleigh length lR = πσ
2/λ0), and by a pulse duration
τ (from now on units with 4πǫ0 = ~ = c = 1 are em-
ployed). Optical FF laser beams with intensities I0 close
to the relativistic regime (I0 ∼ 1018 W/cm2) are feasible
[47] and we assume that the background field is char-
acterized by values of the classical nonlinearity parame-
ter ξ0 = |e|E0/mω0 = 0.75
√
I0[1018 W/cm
2]/ω0[eV] of
the order of unity. Also, we consider an incoming elec-
tron with initial four-momentum pµ = (ε,p). As in
Refs. [39–42], the initial electron energy ε is consid-
ered to be the largest dynamical energy in the prob-
lem, i.e., η0 = max (m,mξ0)/ε ≪ 1. Also, the elec-
tron is almost counterpropagating with respect to the
laser field, i.e., pz < 0, |p⊥| . max (m,mξ0), and then
|pz| ≈ ε. Finally, the quantum nonlinearity parameter
χ0 ≈ (2ε/m)(E0/Ecr) ≈ 0.057ε[GeV]
√
I0[1020 W/cm
2]
is assumed to be less than or of the order of unity, with
Ecr = m
2/|e| ≈ 1.3 × 1016 V/cm being the critical field
of QED [8, 34, 37]. It is convenient to employ light-cone
coordinates T = (t+z)/2, φ = t−z, and x⊥ = (x, y) and
corresponding light-cone components v+ = (v0 + vz)/2,
v− = v0 − vz, and v⊥ = (vx, vy) for an arbitrary four-
vector vµ = (v0,v).
Our starting point is the emission probability dP/dω
per unit of emitted photon energy ω in Eq. (35) in
Ref. [42]. For the sake of completeness, we provide an
easier and more general derivation in the Supplemen-
tal Material leading to the final expression dP/dω =∫
d4x+ dW (x+)/dω, where [57]:
dW (x+)
dω
= − αρ0
8π2ε
∫
dT−d
2x−,⊥
T 2−
eiΦ
〈
m2
(
ε′
ε
+
ε
ε′
− 4
)
+
2iε
T−
+
ε′
ε
{
ε
T−
x−,⊥ − p⊥ + ε
ε′
Iout − ω
2ε′
[A⊥(x) +A⊥(x
′)]
}2
− (ε+ ε
′)2
4εε′
[A⊥(x)−A⊥(x′)]2
〉
,
(2)
Φ =
T−
2
{
m2ω
εε′
− ε
T 2−
[
x−,⊥ − T−
ε
(p⊥ − Iin)
]2
+
1
ε
(I2in − Jin)−
1
ε′
(I2out − Jout)
}
, (3)
Iin/out =
1
T−
[∫ T
∓∞
dT˜A⊥(x˜)−
∫ T ′
∓∞
dT˜ ′A⊥(x˜
′)
]
, Jin/out =
1
T−
[∫ T
∓∞
dT˜A2⊥(x˜)−
∫ T ′
∓∞
dT˜ ′A2⊥(x˜
′)
]
. (4)
3Here, α = e2 ≈ 1/137 is the fine-structure constant,
ρ0 is the electron wave function constant density, x± =
(T±,x±,⊥, φ+) = (x± x′)/2(1±1)/2, with x = (T,x⊥, φ+)
and x′ = (T ′,x′⊥, φ+) (analogously x˜ = (T˜ ,x⊥, φ+) and
x˜′ = (T˜ ′,x′⊥, φ+)), ε
′ = ε − ω, and A⊥(x) = eA⊥(x).
Note that Eq. (2) has the same structure as the general
expression in Eq. (1). The only difference is that the rela-
tive coordinate φ− has already been integrated out in Eq.
(2) and the field is evaluated at the centered coordinated
φ+ [see also the discussion below Eq. (1) and the Sup-
plemental Material]. The reason is that, since φ = t− z
and the electron propagates with ultrarelativistic veloc-
ity along the positive z axis, the formation length in φ−
scales as the inverse of the square of the electron energy
[39–42]. Thus, within the first-order WentzelKramers-
Brillouin (WKB) approximation employed in Refs. [39–
42] and here, the dependence of the field on the quantity
φ− can be neglected. As a result, the integral over φ−
provides the conservation condition p+ = p
′
++k+, which
is equivalent to ε = ε′+ω under the same approximations
[39–42].
In order to investigate the properties of the TFL, we
have to analyze the integral over x−,⊥ in Eq. (2) and
we recall that the external field obviously also depends
on the quantity x−,⊥. The strategy is to pass from the
variable x−,⊥ to the variable ρ⊥ = x−,⊥−R⊥, whereR⊥
is a quantity independent of ρ⊥ and to be chosen in such
a way that the following two conditions are fulfilled: 1)
the resulting integral over ρ⊥ is formed around a region
much smaller than the laser spot radius σ, i.e., the typical
transverse length where the field changes significantly; 2)
the terms linear in ρ⊥ in the phase Φ in Eq. (3) resulting
after expanding the fields in Φ for small values of |ρ⊥|
vanish. We will see below that these requirements can
be self-consistently fulfilled. We also anticipate that, as
expected, the TFL corresponds to the region where the
integral in ρ⊥ is formed. It is sufficient to carry out the
expansion of the external field up to the first order in
ρ⊥ in Eq. (3), which will appear within the operator
δ⊥ = ρ⊥ ·∇⊥, with ∇⊥ = ∂/∂x+,⊥ (see also below for
the second-order expansion of Φ). By indicating as Φ(1)
the corresponding phase up to the first order in δ⊥, it is
easily shown that
Φ(1) =
T−
2
{
m2ω
εε′
− ε
T 2−
[
R⊥ − T−
ε
(p⊥ − I(−)in )
]2
+
1
ε
(I
(−) 2
in − J (−)in )−
1
ε′
(I
(−) 2
out − J (−)out )−
ε
T 2−
ρ2⊥ −
1
T−
ρ⊥ · δ⊥I(+)in
− 1
T−
(
2ε
T−
ρ⊥ + δ⊥I
(+)
in
)
·
[
R⊥ − T−
ε
(p⊥ − I(−)in )
]
+
1
ε
(
I
(−)
in · δ⊥I(+)in −
δ⊥
2
J
(+)
in
)
− 1
ε′
(
I
(−)
out · δ⊥I(+)out −
δ⊥
2
J
(+)
out
)}
.
(5)
Here, we have introduced the quantities
I
(s)
in/out =
1
T−
[∫ T
∓∞
dT˜A⊥(X˜) + S
∫ T ′
∓∞
dT˜ ′A⊥(X˜
′)
]
,
(6)
J
(s)
in/out =
1
T−
[∫ T
∓∞
dT˜A2⊥(X˜) + S
∫ T ′
∓∞
dT˜ ′A2⊥(X˜
′)
]
,
(7)
where X˜ = (T˜ ,x+,⊥ +R⊥/2, φ+) and X˜
′ = (T˜ ′,x+,⊥ −
R⊥/2, φ+), and s = sgn(S), with S = ±1. According
to the above discussion, the vector R⊥ is determined by
imposing that the linear terms in ρ⊥ in Φ
(1), i.e., those
in the second line of Eq. (5), identically vanish. This
condition, in fact, together with an inspection at the
last two terms in the first line of Eq. (5) implies that
the integral in ρ⊥ is formed within the region |ρ⊥| .√
2|T−|/ε [note that the last term is in order of magni-
tude |ρ⊥ · δ⊥I(+)in | . (λ0/σ)(mξ0/ε) ≪ 1]. On the one
hand, as anticipated, the quantity
√
2|T−|/ε corresponds
to the TFL l⊥ (see also Ref. [42]). On the other hand, the
TFL can be written as l⊥ = 2λC
√
ω0|T−|ξ0/χ0. Now,
since T = (t + z)/2, we can identify |T−| with the total
time that the electron spends inside the field and we can
estimate |T−| ∼ min(2lR, τ) for a pulse with fixed focus
and |T−| ∼ τ for a FF pulse with the focus moving at the
speed of light in the same direction of the electron. Thus,
for a pulse with fixed focus l⊥ . 4πλC(σ/λ0)
√
ξ0/χ0 and
then l⊥ ≪ σ for any realistic setup involving an optical
laser. On the contrary, in the case of a FF pulse, it is
l⊥ ∼ λC
√
8πnLξ0/χ0, where nL = τ/λ0 is the num-
ber of cycles in the pulse, which shows the possible large
enhancement of the effects of the TFL in this case for
nL ≫ 1. Nevertheless, as it is required by our pertur-
bative approach, we continue assuming that also in the
case of a FF pulse it is l⊥ ≪ σ. At this point, we have to
determine the vector R⊥, which, according to the above
discussion and up to first order in the transverse field
derivatives, has to fulfill the nonlinear equation [see the
4second line of Eq. (5)]
R⊥ =
T−
ε
[
p⊥ − I(−)in +
T−
ε
(
I
(−)
in,j∇⊥I
(+)
in,j −
1
2
∇⊥J
(+)
in
)
− T−
ε′
(
I
(−)
out,j∇⊥I
(+)
out,j −
1
2
∇⊥J
(+)
out
)]
,
(8)
where a sum over j = x, y is understood (recall that the
field also depends on R⊥). The physical interpretation
of this equation will allow us to further simplify it. In
fact, the vector R⊥ describes the transverse trajectory
of the electron inside the field, with the first term in Eq.
(8) corresponding to the free component of the motion
in case the electron has an initial transverse momen-
tum, the second term corresponding to the oscillatory
motion due to the laser field, and the remaining terms
corresponding to the corrections to this motion due to
the fact that the field has a non-trivial transverse struc-
ture. In this respect, we observe that if we would carry
out a second-order expansion of the field in the phase
Φ over its transverse derivative, the second-order terms
quadratic in ρ⊥ would have provided the corrections to
the formation length l⊥ (see below). Now, we notice that
(|T−|/ε)|I(−)in | ∼ λ0mξ0/ε ≪ λ0. Thus, in order to ob-
tain results up to the leading order in the parameter η0
introduced above, one can ignore the corrections induced
by this term. Correspondingly, one can also approxi-
mate R⊥ ≈ r⊥ = (p⊥/ε)T− inside the fields in Eq. (8),
which then turns into the explicit expression of R⊥ as
the fields are evaluated at X˜ = (T˜ ,x+,⊥+r⊥/2, φ+) and
X˜ ′ = (T˜ ′,x+,⊥− r⊥/2, φ+). We notice that a consistent
computation of the first-order correction of the spectrum
requires to keep all the terms in R⊥ in Eq. (8) because
x−,⊥ also appears explicitly in the preexponent and not
only inside the laser field.
At this point, it is straightforward to compute the
leading-order expression dW0(x+)/dω and the first-order
correction dW1(x+)/dω:
dW0(x+)
dω
=
iαρ0
4πε2
∫
dT−
T−
eiΦ0
[
m2
(
ε′
ε
+
ε
ε′
− 4
)
+
2iω
T−
+
ε′
ε
(
I
(−)
in −
ε
ε′
I
(−)
out +
ω
2ε′
A
(+)
⊥
)2
− (ε+ ε
′)2
4εε′
A
(−) 2
⊥
]
, (9)
dW1(x+)
dω
=
iαρ0
4πε2
∫
dT− e
iΦ0
〈
ε′
ε
{(
I
(+)
in −
ε
ε′
I
(+)
out +
ω
2ε′
A
(−)
⊥
)
·
[
1
ε
(
I
(−)
in,j∇⊥I
(−)
in,j −
∇⊥
2
J
(−)
in
)
− 1
ε′
(
I
(−)
out,j∇⊥I
(−)
out,j −
∇⊥
2
J
(−)
out
)]
−
(
I
(−)
in −
ε
ε′
I
(−)
out +
ω
2ε′
A
(+)
⊥
)
·
[
1
ε
(
I
(−)
in,j∇⊥I
(+)
in,j −
∇⊥
2
J
(+)
in
)
− 1
ε′
(
I
(−)
out,j∇⊥I
(+)
out,j −
∇⊥
2
J
(+)
out
)]}
− ω
ε
I
(+)
in ·
[
1
ε
(
I
(−)
in,j∇⊥I
(−)
in,j −
∇⊥
2
J
(−)
in
)
− 1
ε′
(
I
(−)
out,j∇⊥I
(−)
out,j −
∇⊥
2
J
(−)
out
)]〉
,
(10)
where
Φ0 =
T−
2
[
m2ω
εε′
+
1
ε
(I
(−) 2
in − J (−)in )−
1
ε′
(I
(−) 2
out − J (−)out )
]
(11)
and where A
(±)
⊥ = A⊥(T,x+,⊥ + r⊥/2, φ+) ±
A⊥(T
′,x+,⊥ − r⊥/2, φ+). First, we notice that the ex-
pression of dP0/dω =
∫
d4x+ dW0(x+)/dω reduces to the
corresponding quantity in Ref. [42] in the case r⊥ = 0.
Also, as we have mentioned, we are interested in the case
of long pulses such that the quantities I
(±)
in/out are typi-
cally much smaller than A
(±)
⊥ . Instead, the quantities
J
(+)
in/out contain integrals of the square of the fields, which
accumulate, and then we conclude that for long pulses
dW1(x+)
dω
≈ iαρ0ω
16πε3
∫
dT− e
iΦ0
∑
S=−1,+1
SA
(s)
⊥ ·∇⊥J (s),
(12)
where J (±) = J
(±)
in /ε−J (±)out /ε′. This equation shows that
in the case of a FF with pulse duration τ the correction
scales as
θ =
1
2
τ
σ
mξ0
ε
=
λC
σ
ξ20
χ0
Ψ (13)
times the leading-order contribution, with Ψ = ω0τ . It is
interesting to notice that, since this is a first-order correc-
tion, one would have expected a scaling as |ρ⊥|/σ ∝
√
Ψ.
However, terms proportional to ρ⊥ in the preexponent
vanish after integrating over ρ⊥ and only terms even in
ρ⊥ give a non-vanishing contribution, which explains the
scaling as Ψ. In order to confirm θ as the parameter
controlling the interference effects related to the TFL,
we carry out a second-order expansion of the phase Φ in
δ⊥ and perform the analogous analysis as that below Eq.
(5) to determine the vector R⊥. The final result for the
phase Φ up to the second order in δ⊥ is
5Φ(2) =
T−
2
{
m2ω
εε′
+
1
ε
(I
(−) 2
in − J (−)in )−
1
ε′
(I
(−) 2
out − J (−)out )−
ε
T 2−
ρ2⊥ −
1
T−
ρ⊥ · δ⊥I(+)in −
1
4ε
(δ⊥I
(+)
in )
2 − 1
4T−
ρ⊥ · δ2⊥I(−)in
− T
2
−
4ε
[
1
ε
(
I
(−)
in,j∇⊥I
(+)
in,j −
∇⊥
2
J
(+)
in
)
− 1
ε′
(
I
(−)
out,j∇⊥I
(+)
out,j −
∇⊥
2
J
(+)
out
)]2
+
1
4ε
[
(δ⊥I
(+)
in )
2 + I
(−)
in · δ2⊥I(−)in −
δ2⊥
2
J
(−)
in
]
− 1
4ε′
[
(δ⊥I
(+)
out )
2 + I
(−)
out · δ⊥I(−)out −
δ2⊥
2
J
(−)
out
]}
.
(14)
Looking at Φ(2) as a function of ρ⊥, we conclude that
the term in the second line is the second-order correction
to the first three constant terms in the first line, whereas
the terms in the third line are the corrections to the zero-
order term −(ε/2T−)ρ2⊥ and then to the TFL. Since the
largest corrections arise from the terms containing the
quantities J
(s)
in/out (this is why we didn’t discuss the last
two small second-order terms in the first line), we see
that indeed they are in all cases about θ2 times the cor-
responding zero-order terms, as expected from θ being
the controlling parameter. Finally we note that the fact
that, after restoring cgs units, the parameter θ does not
contain ~ [see Eq. (13)] should not confuse, as in any
case in the limit ~→ 0, the TFL l⊥ =
√
2|T−|/ε already
vanishes and then also all related effects do.
The above results indicate that if we consider a feasible
setup of an optical (λ0 = 1 µm) FF pulse of peak inten-
sity I0 = 3×1018 W/cm2 (ξ0 ≈ 1), spot radius σ = 2 µm,
and of pulse duration τ = 100 ps (Ψ ∼ 1.9×105 and total
pulse energy of about 40 J), colliding with an electron of
energy ε = 8 GeV (χ0 ≈ 0.08), we expect corrections of
the order of 50%. Although a perturbative approach may
be questionable for corrections of the order of 50%, the
above considerations aim to show that for feasible laser
and electron parameters we expect the effects of the TFL
to substantially alter the photon emission spectrum, i.e.,
that values of the parameter θ of the order of unity are
feasible. Indeed, FF pulses with intensities of the order
of 1014 W/cm2 have been produced [46] and intensities
beyond the relativistic threshold ξ0 = 1 are already en-
visaged [47]. Also, it has been implicitly assumed that
the electron stays for the whole pulse duration inside the
focus. This would be the case if |r⊥| < σ, i.e., for incom-
ing transverse momenta such that 2θ|p⊥| < mξ0. Experi-
mentally, this implies to use a sufficiently collimated elec-
tron beam in order to maximize the effects of the TFL.
In this regard, we also observe that, due to the length of
the pulses under considerations, we expect a large num-
ber of emissions per electron, whereas here the emission
of a single photon has been investigated. On the one
hand, this does not impact the importance of the present
results. Referring to the above example, in fact, due to
the relatively small value of χ0, recoil effects are expected
to be moderate such that the number of emitted photons
is approximately distributed according to a Poisson dis-
tribution with the quantity P =
∫ ε
0
dωd4x+ dW (x+)/dω
representing the average number of photons emitted [58].
On the other hand, the large number of emissions may
significantly increase the angular opening of the electrons
and let them exit the FF beam laterally. In the range
of parameters at hand the number nγ of photons emit-
ted can be estimated as αnL [8, 34, 37]. In the above
example, about 200 photons are emitted. Hence, being
the photons randomly emitted within a cone of angular
aperture m/ε, the actual condition on the electron beam
collimation has to be about
√
nγ ≈ 15 more restrictive
than the above one 2θ|p⊥| < mξ0.
In conclusion, we have studied nonlinear Compton
scattering by an ultrarelativistic electron counterprop-
agating with respect to a flying focus laser beam in the
regime ξ0 ∼ 1 and χ0 . 1 and we have shown that the
effects of the transverse formation length of radiation are
potentially amplified by orders of magnitudes as com-
pares to a fixed focus beam. Substantial modifications
of the emission spectrum are expected for tightly-focused
optical flying focus fields of peak intensity ∼ 1018 W/cm2
and duration ∼ 100 ps, with the focus counterpropagat-
ing at the speed of light with respect to the laser beam.
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Supplemental Material: Unveiling the transverse formation
length of nonlinear Compton scattering
A. Di Piazza∗
Max Planck Institute for Nuclear Physics,
Saupfercheckweg 1, D-69117 Heidelberg, Germany
As we have mentioned in the main text, Eqs. (2)-(4) there have already been derived in
Ref. [1] [it is Eq. (35) there with the inclusion of the additional average over the coordinate
φ]. Here, we present an easier and more general derivation.
We first recall that the metric tensor is assumed to be ηµν = diag(+1,−1,−1,−1) and
that units with 4πǫ0 = ~ = c = 1 are used throughout. Also, we employ light-cone coordi-
nates T = (t + z)/2, φ = t − z, and x⊥ = (x, y) and corresponding light-cone components
for four-vectors, i.e., v+ = (v0+vz)/2, v− = v0−vz, v⊥ = (vx, vy), for the generic four-vector
vµ = (v0, v), and for the Dirac gamma matrices. The background electromagnetic field
Aµ(x) describes a focused laser field propagating along the negative z direction and it is
assumed to satisfy the free Maxwell’s equations with the convenient asymptotic conditions
limT→±∞A
µ(x) = 0. By working within the Lorenz gauge ∂µA
µ(x) = 0, the free Maxwell’s
equations reduce to the free wave equations ∂µ∂
µAν(x) = 0.
First, we recall that in Ref. [1] the electron states have been employed, obtained via
Wentzel-Kramers-Brillouin (WKB) method up to the next-to-leading order in Refs. [2, 3].
Now, unlike in Ref. [1], we exploit the additional gauge freedom in the Lorenz gauge, to
set A−(x) = 0 (axial gauge). This choice greatly simplifies already the expressions of the
electron in- and out-states because within the WKB method up to the next-to-leading order,
the states are independent of A+(x). For the sake of completeness we report the resulting
∗ dipiazza@mpi-hd.mpg.de
2expression of the electron states:
ψ(in)p,σ (x) = e
iS
(in)
p (x)
[
1− e
2p+
γ+γ⊥ ·A⊥(x)
]
up,σ√
2ε
, (1)
ψ(out)p,σ (x) = e
iS
(out)
p (x)
[
1− e
2p+
γ+γ⊥ ·A⊥(x)
]
up,σ√
2ε
, (2)
ψ
(in)
−p,−σ(x) = e
iS
(in)
−p (x)
[
1 +
e
2p+
γ+γ⊥ ·A⊥(x)
]
u−p,−σ√
2ε
, (3)
ψ
(out)
−p,−σ(x) = e
iS
(out)
−p (x)
[
1 +
e
2p+
γ+γ⊥ ·A⊥(x)
]
u−p,−σ√
2ε
, (4)
where pµ = (ε,p) and σ are the asymptotic on-shell four-momentum and spin quantum
number, respectively, where
S
(in)
±p (x) = ∓(p+φ+ p−T − p⊥ · x⊥) +
1
p+
∫ T
−∞
dT¯
[
ep⊥ ·A⊥(x¯)∓ 1
2
e2A2⊥(x¯)
]
, (5)
S
(out)
±p (X) = ∓(p+φ+ p−T − p⊥ · x⊥)−
1
p+
∫ ∞
T
dT¯
[
ep⊥ ·A⊥(x¯)∓ 1
2
e2A2⊥(x¯)
]
, (6)
with x¯ = (T¯ ,x⊥, φ), and where u±p,±σ are the constant bi-spinors with positive and negative
energy [4]. The achieved simplification can be appreciated by comparing the above equations
with Eqs. (22)-(29) in Ref. [3], by noticing that in the present gauge and with the asymptotic
conditions on the four-vector potential, we simply have A
(in)
⊥ (x) = A
(out)
⊥ (x) = A⊥(x) =
− ∫ T
−∞
dT¯ [E⊥(x¯) + z × B⊥(x¯)], with (E(x),B(x)) being the background electromagnetic
field (note that, unlike in Ref. [3], here we use units with 4πǫ0 = ~ = c = 1 and we explicitly
indicate the dependence of the field on the light-cone variable φ).
We pass now to the description of nonlinear single Compton scattering. It is convenient
initially to assume that the incoming electron is described by the wave packet
Ψ(in)p,σ (x) =
∫
d3q
(2π)3
ρp(q)ψ
(in)
p,σ (x), (7)
with fixed spin quantum number σ and momentum distribution ρp(q) well peaked around
the momentum p, corresponding to the energy ε =
√
m2 + p2. Also, the central momentum
and the distribution ρp(q) are assumed to correspond to an ultrarelativistic electron almost
counterpropagating with respect to the laser field, according to the general method developed
in Refs. [2, 3]. Finally, the wave packet is assumed to be normalized to one as
∫
d3q
(2π)3
|ρp(q)|2 = 1. (8)
3Here, we observe that the states ψ
(in)
p,σ (x) are approximated solutions of the Dirac equation
valid for ultrarelativistic energies and up to terms scaling as 1/p+ ≈ 1/ε. By using the
Dirac equation for a generic state ψ
(in)
p,σ (x) and for its Hermitian conjugated and by imposing
periodic boundary conditions on a finite volume V , it is easy to show that
d
dt
∫
V
d3xψ
(in)†
p′,σ′ (x)ψ
(in)
p,σ (x) = 0 +O(1/ε
2), (9)
and that that the orthogonality and normalization properties of the ψ
(in)
p,σ (x) are the same as
for the free states apart from terms scaling at least as 1/ε2. In the limit V →∞ we obtain
∫
d3xψ
(in)†
p′,σ′ (x)ψ
(in)
p,σ (x) = (2π)
3δ(p− p′)δσ,σ′ +O(1/ε2), (10)
and analogous for the relations involving the negative-energy states.
Now, we assume that the final electron has on-shell four-momentum p′µ = (ε′,p′) and
spin quantum number σ′. Analogously the emitted photon has on-shell four-momentum
kµ = (ω,k) and (linear) polarization l (polarization four-vector eµk,l). The leading-order
S-matrix element of nonlinear single Compton scattering in the Furry picture reads [4, 5]
Sfi = −ie
√
4π
∫
d4x ψ¯
(out)
p′,σ′ (x)
eˆk,l√
2ω
ei(kx)Ψ(in)p,σ (x). (11)
Since the momentum distribution function ρp(q) is well peaked around the momentum p,
which corresponds to the on-shell four-momentum pµ = (ε,p), we can approximate the
S-matrix element in Eq. (11) as
Sfi ≈
∫
d4x ρ˜p(x)Mfi,p(x). (12)
where
Mfi,p(x) = −ie
√
4πψ¯
(out)
p′,σ′ (x)
eˆk,l√
2ω
ei(kx)ψ(in)p,σ (x). (13)
is the matrix element corresponding to an electron with four-momentum pµ and where
ρ˜p(x) =
∫
d3q
(2π)3
ρp(q)e
i[S
(in)
q (x)−S
(in)
p (x)], (14)
is the spin-independent amplitude of the wave packet in configuration space. The expression
in Eq. (14) reminds that care has to be taken to treat the oscillating exponential functions
also if the function ρp(q) is well peaked around the momentum p (see also Ref. [6]).
4The corresponding differential probability of the process by averaging (summing) over
the initial (final) discrete quantum numbers is given by
dP =
d3k
(2π)3
d3p′
(2π)3
1
2
∑
l,σ,σ′
|Sfi|2, (15)
and, by following exactly the same steps as in Ref. [1], we arrive to the expression
dP =
πα
ωεε′
dε′
2π
d2p′⊥
(2π)2
dω
2π
d2k⊥
(2π)2
∫
d4xd4x′ ρ˜p(x)ρ˜
∗
p(x
′)ei[ΦC(x)−ΦC(x
′)]
{
m2
(
ε′
ε
+
ε
ε′
− 4
)
+
ε′
ε
p2⊥
− 2p⊥ · p′⊥ +
ε
ε′
p′ 2⊥ + e
ω
εε′
(ε′p⊥ − εp′⊥) · [A⊥(x) +A⊥(x′)]
−e2
[
A2⊥(x) +A
2
⊥(x
′)−
(
ε′
ε
+
ε
ε′
)
A⊥(x) ·A⊥(x′)
]}
,
(16)
where α = e2 ≈ 1/137 is the fine-structure constant. Here, we have used the fact that within
the first-order WKB approximation we can approximate p+ ≈ ε, p′+ ≈ ε′ and k+ ≈ ω, and
where
ΦC(x) =(ε
′ + ω − ε)φ+
(
m2 + p′2⊥
2ε′
+
k2⊥
2ω
− m
2 + p2⊥
2ε
)
T − (p′⊥ + k⊥ − p⊥) · x⊥
+ e
p′⊥
ε′
·
∫ ∞
T
dT¯A⊥(x¯) + e
p⊥
ε
·
∫ T
−∞
dT¯A⊥(x¯)− 1
ε′
e2
2
∫ ∞
T
dT¯A2⊥(x¯)
− 1
ε
e2
2
∫ T
−∞
dT¯A2⊥(x¯),
(17)
exactly corresponding to Eqs. (31)-(32) in Ref. [1], but where we have still not taken the
integral in the variable φ (which will enforce the energy conservation ε = ε′ + ω).
Before continuing with the computation, we observe that for a sufficiently narrow wave
packet in momentum space, we can expand the exponent in Eq. (14) up to linear terms:
ρ˜p(x) =
∫
d3q
(2π)3
ρp(q)e
i[∇pS
(in)
p (x)]·(q−p). (18)
According to the general theory as presented, e.g., in Ref. [7], this approximation amounts
to neglect the spreading of the wave packet. Also, in the WKB approach followed in Ref.
[1] and here, the quantity S
(in)
p (x) is the action corresponding to the electron trajectory in
the external field with the momentum (p+,p⊥) at asymptotic early time T → −∞ (when
the electron moves freely outside the field) and with position (x⊥, φ) at the generic finite
time T . By assuming that, at a sufficiently early time T0 such that the integral in the
5action S
(in)
p (x) in Eq. (5) can be neglected, the position of the electron (outside the field)
corresponds to the coordinates x0,⊥ and φ0, then the asymptotic free trajectory of the
electron can be parametrized as x⊥ = x0,⊥ + (p⊥/ε)(T − T0) and φ = φ0 + (p−/ε)(T − T0),
with p− = (m
2 + p2⊥)/2ε. Therefore, according to the general theory of mechanical systems
[8], the quantities ∇p⊥S
(in)
p (x) and ∂p+S
(in)
p (x) correspond to the quantities x0,⊥− (p⊥/ε)T0
and −φ0 + (p−/ε)T0, respectively. Thus, as expected, if the function ρ˜p(x) is centered at a
given early asymptotic time T0 around the point (x0,⊥, φ0), then Eq. (18) implies that at a
generic late time T it will be centered around the position of the electron at that time on
the corresponding classical trajectory in the external field.
By passing in Eq. (16) to the centered and the relative variables x+ = (x + x
′)/2 and
x− = x − x′, respectively, we notice that the relative coordinate φ− can be integrated out
as the field can be evaluated everywhere at the centered coordinate φ+. The reason is that,
since φ− = t−z and the electron propagates with ultrarelativistic velocity along the positive
z axis, the formation length in φ− scales as the inverse of the square of the electron energy
[1–3, 9]. Thus, within the first-order WKB approximation, the dependence of the field on
the quantity φ− can be neglected and the integral over φ− provides the energy conservation
condition ε = ε′ + ω. Moreover, since the function ρ˜p(x) does not depend on the transverse
momenta of the final electron and of the photon, the corresponding integrals can be taken
as in Ref. [1] and we obtain
dP
dω
= − α
8π2ε
∫
d4x+
∫
dT−d
2x−,⊥
T 2−
ρ˜p(x)ρ˜
∗
p(x
′)
× exp
〈
i
T−
2
{
m2ω
εε′
− ε
T 2−
[
x−,⊥ − T−
ε
(p⊥ − Iin)
]2
+
1
ε
(I2in − Jin)−
1
ε′
(I2out − Jout)
}〉
×
〈
m2
(
ε′
ε
+
ε
ε′
− 4
)
+
2iε
T−
+
ε′
ε
{
ε
T−
x−,⊥ +
ε
ε′
Iout − ω
2ε′
[A⊥(x) +A⊥(x
′)]
}2
−(ε+ ε
′)2
4εε′
[A⊥(x)−A⊥(x′)]2
〉
,
(19)
where x± = (T±,x±,⊥, φ+) = (x ± x′)/2(1±1)/2, with x = (T,x⊥, φ+) and x′ = (T ′,x′⊥, φ+),
6where
Iin/out =
1
T−
[∫ T
∓∞
dT˜A⊥(x˜)−
∫ T ′
∓∞
dT˜ ′A⊥(x˜
′)
]
, (20)
Jin/out =
1
T−
[∫ T
∓∞
dT˜A2⊥(x˜)−
∫ T ′
∓∞
dT˜ ′A2⊥(x˜
′)
]
, (21)
with x˜ = (T˜ ,x⊥, φ+) and x˜
′ = (T˜ ′,x′⊥, φ+), and where A⊥(x) = eA⊥(x).
Finally, if the incoming electron is in the definite momentum state corresponding to the
central momentum p, i.e., for ρp(q) = (2π)
3δ3(q−p)√ρ0, with ρ0 being a constant electron
spatial density, Eq. (19) simplifies into
dP
dω
= − αρ0
8π2ε
∫
d4x+
∫
dT−d
2x−,⊥
T 2−
× exp
〈
i
T−
2
{
m2ω
εε′
− ε
T 2−
[
x−,⊥ − T−
ε
(p⊥ − Iin)
]2
+
1
ε
(I2in − Jin)−
1
ε′
(I2out − Jout)
}〉
×
〈
m2
(
ε′
ε
+
ε
ε′
− 4
)
+
2iε
T−
+
ε′
ε
{
ε
T−
x−,⊥ +
ε
ε′
Iout − ω
2ε′
[A⊥(x) +A⊥(x
′)]
}2
−(ε+ ε
′)2
4εε′
[A⊥(x)−A⊥(x′)]2
〉
,
(22)
which exactly corresponds to Eq. (35) in Ref. [1] and to Eqs. (2)-(4) in the main text.
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